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Abstract. With accumulation of high statistics data at BES and CLEO-c, many new interesting chan—
nels can get enough statistics for partial-wave analysis (PWA). Among them W — ypp, YAA VXX 45
channels provide a good place for studying baryon-antibaryon interactions; the double radiative decays
P — yyV with V = p,w, ¢ have a potential to provide information on the flavor content of any meson
resonances (R) with positive charge parlty (C = 4) and mass above 1 GeV through ¢y — yR — 4V
¥(28) — YXc0,1,2 With Xco0,1,2 — KKrtn™ and 277270~ decays are good processes to study x.s charmo-
nium decays. Using the covariant tensor formalism, here we provide theoretical PWA formulae for these
channels.

PACS. 13.20.Gd Leptonic, semileptonic, and radiative decays of mesons: Decays of J/v, 7", and other
quarkonia — 13.25.Gv Hadronic decays of mesons: Decays of J/¢, T, and other quarkonia — 13.66.Bc

Hadron production in e”e™

1 Introduction

Abundant J/¢ and ¢’ events have been collected at the
Beijing Electron Positron Collider (BEPC). More data will
be collected at upgraded BEPC and CLEO-C. Many new
interesting channels are now getting enough statistics for
partial-wave analysis.

J/v and v’ radiative decay to BB (baryon and an-
tibaryon pair) is a good place to study baryon-antibaryon
interactions and to look for possible resonant states of the
BB system. Based on the 58 million J/v events accumu-
lated by the BES2 detector at the BEPC, recently BES2
reported [1] that they observed a strong, narrow enhance-
ment near the threshold in the invariant mass spectrum
of pp (proton - antiproton) pairs from J/v — ~ypp radia-
tive decays. The structure has attracted people’s attention
to study pp near-threshold interaction [2]. Future data on
Y — yAA, v XX, vEZ5 channels will give a new opportu-
nity to study hyperon-antihyperon interactions.

J/¢ and ¢’ double radiative decays ¥ — vV (p,w, ¢)
provide a favorable place to extract the ui, dd and s5
structure of intermediate states [3]. The J/¢p — ~vp
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and yy¢ have been studied by Crystal Ball [4], DM2 [5],
MARK-III [6] and BES-I [7]. An interesting structure at
1(1440) region in the vV invariant mass spectra is ob-
served. But due to limited statistics, one cannot get reli-
able PWA results. With much higher statistics ¢ data to
be available soon at CLEO-C and BES-III, these ¢ dou-
ble radiative decay channels give a potential to provide
information on the flavor content of any meson resonances
(R) with positive charge parity (C' = +) and mass above
1 GeV through v — vyR — yyV.

The (2s) radiative decays into K™K nTn~ and
ata~nt 7w~ via x.s intermediate states are good processes
to study x.s decays which may provide useful information
on two-gluon hadronization dynamics and glueball decays.

In order to get more useful information about the res-
onance properties such as their JP¢ quantum numbers,
mass, width, production and decay rates, etc., partial-
wave analyses (PWA) are necessary. PWA is an effective
method for analysing the experimental data of hadron
spectrum. There are two types of PWA: one is based on the
covariant tensor (also named Rarita-Schwinger) formal-
ism [8] and the other is based on the helicity formalism [9].
Reference [10] showed the connection between the covari-
ant tensor formalism and the helicity one. Reference [11]
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provided PWA formulae in the covariant tensor formalism
for ¢ decays to mesons, which have been used for a number
of channels already published by BES [12] and are going
to be used for more channels. A similar approach has been
used in analyzing other reactions [13-15]. Reference [16]
provided explicit formulae for the angular distribution of
the photon in v radiative decays in the covariant tensor
formalism, and also discussed helicity formalism of the an-
gular distribution of the v radiative decays to two pseu-
doscalar mesons, and its relation to the covariant tensor
formalism.

In this paper we extend the covariant tensor formal-
ism [11] to give explicit PWA formulae for the new inter-
esting channels mentioned above. The plan of this article
is as follows: in sect. 2, we present the necessary tools for
the calculation of the tensor amplitudes, within a covari-
ant tensor formalism. This will allow us to derive covari-
ant amplitudes for all possible processes. In sect. 3, we
present covariant tensor formalism for 1 radiative decays
to baryon antibaryon pairs. In sect. 4, we present covariant
tensor formalism for ¢ decays into yyV (p,w, ¢). In sect. 5,
we present covariant tensor formalism for the ¥(2s) de-
cays into YK TK - ntn~ and yrta~ w7, respectively.
The conclusions are given in sect. 6. Since covariance is a
useful property of any decay amplitude, all possible am-
plitudes are written in terms of covariant tensor form.
All amplitudes include a complex coupling constant and
Blatt-Weisskopf centrifugal barriers where necessary.

2 Prescriptions for the construction of
covariant tensor amplitudes

In this section we present the necessary tools for the con-
struction of covariant tensor amplitudes. Following the
convention of ref. [11] for the v decays, the partial-wave
amplitudes U/ in the covariant Rarita-Schwinger tensor

formalism can be constructed by using pure orbital angu-
c)

1 . #(Ly .

ar momentum covariant tensors t,“...,%bc and covariant
spin wave functions ¢,,...,, together with the metric ten-
sor g"¥, the totally antisymmetric Levi-Civita tensor €., o
and the four-momenta of participating particles; here the
indices p, v, A and « run from 1 to 4 over z, y, z and t. For
a process a — bc, if there exists a relative orbital angular
momentum L. between the particle b and ¢, then the pure
orbital angular momentum L. state can be represented
by the covariant tensor wave function ffLLlf’.“.L 1, 19] which
is built out of the relative momentum. Thus here we give
only covariant tensors that correspond to the pure S-, P-,
D-, and F-wave orbital angular momenta:

70—, (1)
8 = Guv (pa)r” B1(Qave) = 7uB1(Qube), @)

1) = Fufs — 50 P ()] B2 Quse), (3)
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- o 1, . B
fon = |Fufufs = 2 (7 P) G (pa)7
+§y/\ (pa)":p, + gku(pa)fy) BS(Qabc)a (4)
peith) = ppi® = prtl), =0, (5)

where r = pp—p. is the relative four-momentum of the two
decay products in the parent particle rest frame; (7 - 7) =
2
—r® and Donp
. CL;LQGV ) (6)
Y

Here the Minkowsky metric tensor has the form

Guv(Pa) = Guv

Guv = diag(lu -1,-1, _1)'

Br,.(Qube) is a Blatt-Weisskopf barrier factor [9,17],
where Q45 is the magnitude of py or p. in the rest system
of a,

s (a4 sp—sc)?
abc_—

-5 7
4s, b @
with s, = E? — p2.

The spin-1 and spin-2 particle wave functions
¢u(Pa,ms) and ¢ (pa, ms) with spin projection m, sat-
isfy the following conditions:

pg¢u(pa7m5) =0, (bu(pa,ms)(b*”(pa,m;) = _6msm's’
PapPav

Z¢u(pa7ms)¢i(pa7ms) = _g/“’+ p2

a

= _g/u/ (pa)a

(8)

mg

p5¢ul’(pa7m8) =0, ¢NV = ¢V;u g'w/(b;w =0,

¢,ul/ (pm m8)¢*HV (pm mls) = 6msm'5 .

Projection operators will be a useful general tool in con-
structing expressions. The spin-2 projection operator has
the form [9,11]

P2 0a) = b (Pas ) D (par ) =

1, . . 1. .
i(guu’glm’ + guu’guu’) - gg/wgu’u" 9)

Note that for a given decay process a — bc, the total
angular momentum should be conserved, which means

Ja = Sbc + me (10)

where
Spe =Sy + S.. (11)

In addition parity should also be conserved, which means

Mo = mone(—1)", (12)
where 1,, my, and 7, are the intrinsic parities of particles
a, b, and ¢, respectively. From this relation, one knows

whether L. should be even or odd. Then from eq. (10)
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one can find out how many different (Lyc, Sp.) combina-
tions there are, which determine the number of indepen-
dent couplings. Also note that in the construction of the
covariant tensor amplitude, if Sp. + Lp. + J, is an odd
number, then €., ,pg with p, the momentum of the par-
ent particle is needed; otherwise it is not needed. See, for
example, eq. (28) below.

3 Covariant tensor formalism for 1) decay into
~+BB

The general form of the decay ¥ — vX — ~ypp amplitude
can be written as follows by using the polarization four-
vectors of the initial and final states,

A =4, (0, mg)el(d, Mo ) Yo, Dby Sbi Dey Se) APV
= Yu(p,my)e Se) Y AU,

(13)

where 1, (p, my) is the polarization four-vector of the v
with spin projection of m; e, (g, my) is the polarization
four-vector of the photon with spin projections of m.;
Ve, (Pbs Sb; Dey Se) is the spin wave function of the proton
and antiproton system with spin S, and S, respectively,
and the index s stands for the total spin of the pp, see,
for example, eqs. (18), (19); U/Y* is the i-th partial-
wave amplitude with coupling strength determined by
a complex parameter A;. The spin-1 polarization vector
Yu(p,my) for ¢ with four-momentum p,, satisfies

3((17 mw)was (pln Sb; DPe,

3
* Pubv -
Z ¢M(p7 mJ)¢u(p7 mJ) = —9uv + ;T = _guu(p)a
WLJII
(14)
with p#4p, = 0. For ¢ production from e*e™ annihilation,

the electrons are highly relativistic, with the result that
J, = %1 for the v spin projection taking the beam direc-
tion as the z-axis. This limits my to 1 and 2, i.e. compo-
nents along x and y. Then one has the following relation:

Z W(I% mJ)Ql}

m,;:l

;' (pa my) = 5##’(%1 + 5u2)- <15>

For the photon polarization four-vector, there is the usual
Lorentz orthogonality condition. Namely, the polarization
four-vector e, (¢, m,) of the photon with momenta ¢
satisfies

q"ev(q,my) =0, (16)
which states that spin-1 wave function is orthogonal to
its own momentum. The above relation is the same as for
a massive vector meson. However, for the photon, there is
an additional gauge invariance condition. Here we assume
the Coulomb gauge in the v rest system, i.e., p“e, = 0.
Then we have [18]

Z 6;(‘17 my)ey (g, my) =

My
QuKU + K;LQV
q-K

K-K
- (qK)2 q,uqu == QISJJL)7

—Guv + (17)
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with K = p — q and K"e¢, = 0. We denote the four-
momentum of the particle X by K, and ¢- K is a
four-vector dot product. For X — pp, the total spin of
pp system can be either 0 or 1. These two states can be
represented by ¢ and v, [19],

1/) = a(pba Sb)ny)v(pCu SC)7 if 5= 07 (18)
_ o . .
% = U(pba Sb) <7a_m> 'U(pc, Sc), if s=1. (19)

One can see that both % and ¥, have no dependence
on the direction of the momentum p, hence correspond
to pure spin states with the total spin of 0 and 1, re-
spectively. Here py, p., and Sy, S. are momenta and spin
of the proton antiproton pairs, respectively. mx and m
are the masses of X and p, P, respectively; u(pp, Sp) and
v(pe, Se) are the standard Dirac spinors. If we sum over
the polarization, we have the two projection operators

> tta(py, Sp)ip(po, Sh) = ( i +m>(w,

2m
Sy

Z”a Pe; 5e)0p(Pe; Se) = ( ﬁch_nm)a,@'

To compute the differential cross-section, we need an
expression for |A|2. Note that the square modulus of the
decay amplitude, which gives the decay probability of a
certain configuration should be independent of any par-
ticular frame, that is, a Lorentz scalar. Thus by using
egs. (15) and (17), the differential cross-section for the
radiative decay to 3-body final state is

(20)

de(®
do- Z Z Z W}p p,mJ (q’m‘y)
3 Sb,S my=1m,=1
X'L/)as (pb, Sb; Pes SC)A“”O‘S 2
2
1 va L) gep’ol ok
= _5 Z ZA” Sg£V A 1 Sd)as’l?[}a;
Sp,Se p=1
1 * vag (LL) *Nl/a .
— D) Z/li/lj Z U“ Gy U Z %Jba«s
” Sy,Se
= (s
=y P, -F, o
1,J
where
Pij = ijki = /1/1*
(s) _ *(s) _ Vo (J_J_ *NV/O/S .
Rt —*ZU“ RUZACI D DR

Sp,Se
(22)

d®; is the standard Lorentz invariant 3-body phase space
given by

d3q
AD3(p; ¢, 1y, Pe) = 5 (P — 0 — Py — Pe) g
3(P;q, b, pe) =6 (P—q—po p)(%)sm7
(e dppd’pe
(2m)3Ey(2m)3E,’
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o) _ *(0 "z (J_J_) *puv’ *
Fy’ = ZU’ U v
Sp,Se
2
1 (LL)yrs (]Zfb+m Yo —m )
_ = /u/ /w
_22 9o U om " Tom °

E: v (Ll1) *1/
= UH 1(/1/’ IL .

p=1

(24)

The spin sums can be performed using the completeness
relations from eq. (20):

2
*(1 1 va (LL1)rmxur’ o
By = E = =5 2 UM U S i
p=1 Sy,Se

2
]‘ * I/Ot
_ LS upegou

ﬁb""m ﬁc_m
X{Tr( 2m o 2m 70/)

T ( ﬁb""m ]dc_m )
- Tr Va!
mx + 2m 2m 2m
T Tr( P +m ﬁc—m)
mx +2m 2m 2m
Talo! ) TI‘( ﬁb‘i’m I/jc*m ):|

(mx + 2m)? 2m 2m

e

1 J_J_ * ’ !
4m2 U’L;wa IEI/ )UJ e |:pbo¢pba' +pcapca’

+DbaPea’ + Pba’Pea — mg{gaa’} . (25)

3.1 Amplitudes for the radiative decay v» — ~ypp

We consider the decay of a v state in two steps: ¥ — yX
with X — pp. The possible JFC for X are 0+, 0=+, 177,
2T+ 27+ ete. For ¢ — vX, we choose two independent
momenta p for ¢ and ¢ for the photon to be contracted
with spin wave functions. We denote the four-momentum
of X by K. The tensor describing the first and second
steps will be denoted by 7, ( ) g, and f&?...m, respectively.
For ¢ — A0t+ — 7pp, there is one independent co-
variant tensor amplitude:
UHve — g,u,uf(l)a' (26)
For ¥ — 0™ — ~pp, there is one independent co-
variant tensor amplitude:
UM = 7 prgo B1(Quryx)- (27)

For ¢y — ~1T* — ~pp, there are two independent
covariant tensor amplitudes:

U'lul/a _ €HV>\Up>\Eaﬁpng£(Bl)7 (28)
UL = g, €%, K oty Bo(Quoyx)- (29)
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For ¢ — ~v1~7, the exotic 17" meson cannot decay
into pp.

For ¢ — 72+ — ~pp, there are six independent co-
variant tensor amplitudes:

U = pRwes (gD, (30)
Ly o
U = pweas g 10 By Qe x), (32)
Uk = pRvers g, tS)aB2(Qva) (33)
e = g PRty b i By (Qunx), (34)
U = g PRI OB Q). (35)

where (1) and ®) correspond to the orbital angular mo-
mentum between the proton and antiproton [ to be 1
and 3, respectively.

For ¢ — 2=+ — ~pp, the possible partial-wave am-
plitudes are the following:

Ut = e‘“’)‘gpAth 2)31 (Qurx), (36)
Uéﬂj — EHUAUP,\QUPWIMt( )78 B3(Q1/J7X)7 (37)
Uy” = e”””pxqaq“PétN%) B3(Quryx)- (38)

It is worth mentioning here that the above partial-wave
amplitudes for the process J/1) — ~pp are applicable to
the processes J/¢) — yAA, Y%, and 7EZ as well.

4 Covariant tensor formalism for 1) decay into
7V

By using the polarization four-vectors of the initial and
final states, now we write the general form of the decay
amplitude for the process

Y — R — V(p, p,w) (39)

as follows:
A =1u(p,my)e;(q,my)el (k,ml ) A =

Dulprmy)es(g.ma)es (kymh) Y AU (40)

In the following e, (g, m,) denotes the polarization func-
tion of the photon in 1) — yR, and £, (k, m/,) denotes that
of the photon in R — V. The polarlzatlon four-vectors
¥, (p,my) and e, (g, m,) satisfy the conditions (14)-(17).
And e, (k, m!) satisty

k%q(k,ml) =0, (41)
ZE&(k,m;)Eg(k‘,mfy) =
mly
ko +pvak .
—Gap + Pvp T Pvarp pv-pv bk E79(()2) (42)

k-pv C (kpy)? @



Sayipjamal Dulat and Bing-Song Zou: Covariant tensor formalism for partial-wave analyses ...

with py = K — k and pfieo, = 0. We denote the
four-momenta of the particles R and V(p, ¢,w) by K and
pv, respectively. Then the differential cross-section for the
radiative decay to an n-body final state is

do 1< 3
9. "2 Do D [bulpmye
n my=1 mfy,m,yzl

o (q,my)eg, (ke mfy ) Ao

2
1 % va gxp'v o’
= 5 Z T/m(PamJ)dJ,u (pa mJ)gl(/u’ gaa)AH A W

my=1

2
1 va (LL) (L) gxpr'a’
:izA# v gaaA#

_ %ZAZ-A;ZU””“ LDy gn'e’ Z Fy,
,J p=

(43)

where
Py = P = A A3, (44)
Fy=F; = Z Ut g gl e (45)

d®,, is the standard element of n-body phase space given
by

n 3

" dp
;p’ H )32E

z:l

Ao, (p; 1, - (46)

4.1 Amplitudes for the doubly radiative decay
Y — ¥V (p, w, §)

This is a three step process: ¥y — yR with R — vV (p,w, ¢)
and p — 7t717, w — 7%7T7", ¢ — KTK~, here we
number 70, 7, 7~ as 0, 1, 2. The intermediate resonance
state R that may appear in the process with JZC values
are 0T 0=, 17+, 1=+ 27+ 27F etc. Here J, P, C are
the intrinsic spin, parity and C-parity of the R particle,
respectively. For v» — vR, we denote the spin-orbital an-
gular momenta between the photon and ¥ by S and L,
respectively. The tensor describing the first and the sec-

ond steps will be denoted by T(L) up and t(L )uL , Tespec-
tively. The vector describing the third step Wlll be denoted
by V,,, where V(p, ), = p1, — P2y, here we use the fact
that 77 and 7~ (or Kt and K~ ) have equal masses; and

V(@) = €5, D308 [B1(Qupn) f{ 1) B1 (Qp12)
+B1(pr2)f((gl))31(Qp10) + B (prl)f((gg)Bl(szo)]-

Now we write the decay amplitude of the 1 into two
photons and a vector in a general and compact form using
the covariant tensor formalism. There is one independent
covariant tensor amplitude for ¢y — y0TT — vV (p,w, ¢)

UHve — ngaf(R)f(V)’ (47)
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where f(V) either f(fg()b) or f(((i)z)'

There is also one independent covariant tensor ampli-
tude for ¢ — 10~" — 7V (p,w, ¢)
A P § 1 R) ¢(V
UHve = Aoy (b eabp K,,tgﬁ)V(sf( V). (48)
For the production reaction 1p — 17" there are two
independent covariant tensor amplitudes; there are also

two amplitudes for the decay reaction 17+ — 4V (p, w, ¢),
all in all we have four amplitudes:

Ul = Ao, a8pJ¢ g £(R) §(V), (49)
U = d‘”’\"p,\fﬁ)e“ﬁ”‘stng)Vng(R)f(v), (50)
e = epdop, @b e {2y p() p(v (51)
Ut = 6uu/\ap)jw(g)Eaﬁpé_;(pvﬁf(R)f(V) (52)

For the production reaction v — y1~ there are two
independent covariant tensor amplitudes; there are also
two amplitudes for the decay reaction 1= — 4V (p, w, ¢),
all in all we have four amplitudes:

U= TR 5
Uéu/oc :T(l)ug(l)uvaf(R)f(V)’ (54)
U — guv e fsy, () (V) (55)
ina :T(l)yguaf(l)ﬁvﬁf(R)f(V). (56)

For the production reaction ¥ — ~2TF there are
three independent covariant tensor amplitudes; there are
also three amplitudes for the decay reaction 2++ —
YV (p,w, @), all in all we have nine amplitudes:

Ut = p@wvad gy p(B) p(V) (57)
Ubre = gWP(z),\apa(K)Tg) 5535) Vaf(R)f(V), (58)
UL = P(Q)VU(JA(K)T(§2)u£g\2ﬁ)vﬁf(R)f(V)7 (59)
Ui = P(Q),LLVAU(K)E&? Vozf(R)f(V)’ (60)
ULe = P(2)Mua>\(K)£g)? Vﬁf(R)f(V)7 (61)
Upe = gwp(z)xmﬁ(K)Tii) ng(R)f(V)7 (62)
UL = guup(2)xmé(K)TA(i)g% Vﬁf(R)f(V), (63)
UL :P(Z)uAaﬁ(K)T>(\2)Nvﬁf(R)f(V)’ (64)
UL = P(Q)”‘;’\”(K)T(;(Z)“ff\? yo ) V), (65)

For the production reaction 7 — 72~ T there are
three independent covariant tensor amplitudes; there are
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also three amplitudes for the decay reaction 27F —
YV (p,w, @), all in all we have nine amplitudes:

Ut — ey, 1)y o€ e f1)6
% P2 () fF)fV), (66)
g = e T, g i),
x P28y 5'( KV f@® v (67)
UL = eu/\g'yp’yfé?)),u)\' eﬁp5§K££(($3)apl
P2 (K)Vp f® ), (68)
Uhve = e“”A"paT(l)'VeaﬁpEKng)S)‘sC
P>(\2)6(( NZ FUE V) (69)
Uy,va ;u//\(rp T [3p5€K5
X P2 (R Va 0 0, (70)
U — ey, O ot g GG
xPﬁ?LC(K)Vﬁf(R)f(V)v (71)
e — euu,\opgfiii)véeﬂméKgfff)aé’
X P (V3 £ £ ) ™)
[Lve — Aoy, TG ot [ 715
% P (K)Vj ) fOV), (73)
ULre = Aoy, TOmd oo fe, g<3>X6/
XP)\(W(S/( WO V), (74)

5 Formalism for v(2s) — ~vxc) with

Xy — KKt~ and 2727~

By following ref. [11] we denote the t(2s) polarization
four-vector by v, (p, m) and the photon polarization vec-

tor by e, (g, m+). Then the general form for the decay am-
plitude is

A= wﬂ(p7 mJ)ez(Q7m’Y)A#V =
,(/}M(pa mJ)ez(q7m’Y) ZAlUZMV

%

(75)

The radiative decay cross-section is given in

Z Z % pamJ

mJ 1m,=1

A””l/) (p,mus)ew (q,mq) A

:_1 Z ,(/Jﬂ(p7mJ

’ITL]l

=75 Z ANVgVy/ )A*l»“/

_ _5 ZA@A; Z UZMV J_J_)U*;,w
%, n=

Q7m’)’)

e

§ zgv

(76)

The European Physical Journal A

where gl(,t,l ) is given in (17) and
Pij = P} = N A7, (77)
2
. 1 v (L) grepe

Note that due to the special properties (massless and
gauge invariance) of the photon, the number of indepen-
dent partial-wave amplitudes for a 1(2s) radiative decay
is smaller than for the corresponding decay to a massive
vector meson [11]. We come now to specific examples of
reactions.

519 — yxo — YKTK-ntn—

We construct the covariant amplitudes Uf“, for this chan-
nel. Here we number K, K—, #+, 7~ as 1, 2, 3, 4.
* Tk K, K
<K0K0|1> g,uuf(Mg f( ¢) ’

7(2)ap
T[K0K2]

+{1 < 2,3 < 4},

_ . 7(2apz(2) (K3)
—guvt(u) t23)aﬂf(14 f(23) J

(80)
(81)

F2)a8 H2)y 7(2)
In e, i)t (14>at<23>mf<14> T (2)
(83)
(84)

)
)=
)= 9p t84)t83)af(14) f(23)’ 83
)=
)

(79)

* Tk (K3 o(K3)
(KoK (1) =g (23)aﬁf(14()] f(23§

80

(K3 K31 81

(K3 K32

(

K*K*|1

* Tk (2)0‘5 (1)
(K*K™|2) =g, T[K*K 1t 23 ﬁf(14) f(23) G
_ F(1)az(1)
(K'K|Kp —guVT[Kp t(34)ozf(134 f(34)
+{1 2,3 <4}, (85)
* o\ (e 7(1) (K') p(K™)
(K'K|K™T) *gwa[K*oé]t(14)af(134)f(14)
+{1 < 2,34}, (86)
* K,
(K'K|Kim) = gm,f(f;l))f( ) {12,304,  (87)
% Mo l)ﬂ
<K1K|KP>=9uu9aﬁ(pKf)T[K + gt (34) f(134)f(34)
+{1 & 2,3 < 4}, (88)
* * ~ 1 1 K*
<K1 K|K 7T>1 :g,uuga[i‘(pK ),T[(K)O;(]tglzlﬁf((liﬂzl f((14))
+{1 2,34}, (89)
* * ~ »(Da  7(2)Bo (1
(KiK|K 7T>2:guvgaﬁ(pK*)T[%)fk]tgig*ﬂtglzl)a
<y F{l o234} (90)
* * ~ 1 e 1 K
KRG = g o (013 ) T PRy £ £
1« 2,3 < 4}, (91)
* 2 2)af 7)o H(1)A
(Ko K| ) = gy PN, (01 T ST L)
><f(134))f((14))JF{IH2 34}, (92)
(Fofol1) =g FLY £ (93)
2)af7(2
ool 1) =g T 5 Fhes 5 f<12>’ (94)
f(2)aB1(2) (f2)
<f2f§|1> Iu t(12) (34)a6f(122) f(34)’ (95)
_ 7(2)aBz(2) ~(2 (f2) ¢(f2)
(f2312) = 9Ty, 511t (12) ) (34),6yf(122)f34) (96)
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529 — yxa — YKTK=ntn—

In this subsection we construct the amplitudes U ZW for
the process ¢ — yxe1 — YK K~ ntn~. The most likely
intermediate states are: KjK™, KOKQ, K;K*, K;K3,
K*K*, KiK, K;K with K}, K3, K* — Km, K — pK,
K*ﬂ-a KE)kT“ and f0f27 f2f£ with fO - 7T+7T_7 fé - K+K—a
fo— KtK~ and f} — ntn—.

. ok (1 H(1)A
(KoK |1>:Euvaﬁpga\vﬁﬁpiclgaé[tfz()gk*]tgzg’,)

<SS I H 1o 2304, (97)

* Tk sr7(1 (X
(Ko K™[2) :Epuaﬁp¢gkvéﬁp§<clqpquga [tfx)gk*]tgzg’,)

K
><f(14) f(23))+{1<_’273‘_>4}]7 (98)
* Tk (2 2
(K5 K3 11) = paspenserl, 0 L er sy, fion”
KZ) (R}
((14))f(23)) +{1<2,3<4}], (99)

* Tk S1a(2 7(2)A
(K5 K5 12) =€ pagplya auernsepy, 9% (T en s oty

< fUD a1 2,34}, (100)

@bV f2Aoy(1)

* Tk _ ﬁ
(K3K |1>—5uvaﬂp¢5/\76£p§mg K3 E+'(14) b(23)0

< fUD IR {1 2,34}, (101)

. ws (1 2)Ao (1
(K3 K |2>:€W‘lﬁpi€/\755p§<c1g [tEK) s R+ ]atgli) tE2g

() +le2304), (102

(14) (23)
* Tr% a 1 2) o
<K2K |3> :ﬁgpuaﬁpiq qug)\'yé&piclg [tEK)’YK ]tglzl)

D)

o f D P + {15 2,3 - 4], (103)

* Tr% a 1 2) o
(K3 K |4>:5/waﬂpiq qu@\vé&piag [tEK) ' ]UtE&)

tgfﬁf(m f(23) +{1 < 2,3 < 4}], (104)

* Tk (% 2) Ao
<K2K2|1>:%vaﬁpiﬁw&pidg 675%121) th?z)o

(K3) p(K3)
(14) fzg) ) (105)
X Tk fe% 2) o (2
(K3 K312) = pappia” Guersepy, 9 o Eane
K3
xfUD I, (106)

* Tk % 1 g
(K" K1) =€ pasPyeroysD., 9 thli)tgzgs)

K
><f(14) f(zg))7 (107)

* Tk fe% 1 1)o
<K K |2>:5pyaﬁpiq qu&\mépidg ’ytgll) EQ;)

(K*) p(K™)
<fE I (108)
~)\£(

<KTK|KP>1 :Euuaﬁpis)\g’)"spf(cl O"YT[(I)*G ] pK*)
{ sf(134 f(34)+{1 = 2,3 <4}, (109)

* % 1o -~
<K1K|Kp>2:€nuaﬁpwq Q,us)\afyz;pxcl ’YT[( )* ] /\g(pKf)

x[fs Ef(m F4h+{1 - 2,3 < 4}], (110)
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<KTK‘K*7T>1 = éﬁvaﬂpﬁs)\o’yépicl ga’Y’l’[(K) K]g (pKi‘)

[ 5f(134 f(14) +{1‘_’2 3‘_)4}]
o 1)o
<K1 K‘K 7T>2 = 5pvaﬁpwq qlteka'yépxrl ’YT[(K)*K]

. PONC
x g™ (pre; ) [E 214)5f((13i1)f(14 {1 =234},
(1)o

(111)

(112)

(KT KIKGT)1 = SpvagPyerosby, 9" Tl 0@ (pct)

7(1) (K3) 2(K*)
Xt K*ﬂ]g[f(lgi)f(m) + {1 2,3 < 4}]
1)o
(KT K|K§m)2 = paspa Gueronot’y, 9" T

(K)(K)

(113)

T D R e F 1 Forny | {1 = 2,3 < 4], (114)

(K3 K|K m)1 = guvaﬁpﬁswg Tpxcm'ga)\(an)P)(\a)yf (pKz*)

H(L)o (2) #(1)
T[K* 1Lk m)s [t(147)7f(134 f(14)

+{1 < 2,3 < 4}],
(K3 K| K™ )2 = £puappy @ aue ™ Dyorr 3™ (Dyer)
(2) (Mo 7(2) (V)n ((KT) ((K™)
XPAmg(pKé*)T[K K]T[K*ﬂ-]én[ (14?f(13i1)f(14)
o230 4,

o 2 2) o
<f0f2|1>—5uuaﬁpw5/\v5€pxc1 6T[(fo)J?2] E))

(o) p(f2)
sy f)
adra(2 “(2) Ao
<f0f2|2>:5puaﬁpﬁqpqu5/\76£p§mg 6T[(fo);2]a 51)2)
(f2)
<913,

7 ad7(2) Ao (2
<f2fé|1> :5lwaﬁpw5)\’y(5§p§<dg 5t51)2) tggi’)yg

(f3)
xSl I
7 ad7(2)Ao7(2)y
<f2fé|2>:5puaﬁpwq qughéépiclg 67521)2) tgggl),,

(f3)
X f(12) f(34)

53 % — vx2 = YKTK ™

(115)

(116)

(117)

(118)

(119)

(120)

We construct the amplitudes U}, for the channel ¢ —
YXe2 — YKTK~nTn~. The most possible intermediate
states are the same as for ¥ — yxo — YK K 7ntn—.

* ok 1\ _ #(2)aB(2)
K§Ki1) =g TN TR ko as ) T

)

K§K0|2> T[(Iz()*K*]uuf((ﬁ()] f((gg ’
013)
)=

F@e 2 (Kg)
T[vxcz]u (KK, Vaf(14) f(23) )

1)o (DX (K K
;Axmgwngmf°f<)

{1 2,3 4)],

* fok (2) 2B (e (A
(KoK™|2)= Pﬁy,\g(pxcz)Thxrg]u[t[K « f ]t(23)

f(Ko f(K )+ {1 - 2,3« 4}]7

(121)
(122)

(123)

(124)

(125)
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* Tk 2 2 1)o
(K3 K13) = g PG (Do) Thae [ |

[yxe2] VIKg K*]7(23
< f0 Fa) {1 2,3 < 4],

2)af (2 (2) o (K§) o(K3)
(KoK3|1) = gHVT[EYXCQ]Paﬁ))\U(de) (22?,) f(14()] f(23§

(126)

+{1 = 2,34}, (127)
(K5 R312) = P2, (0 i) S0 10
+{1 & 2,3 « 4}], (128)
(KGR313) = (000 Pl ()T 10 Fos))
+{1 < 2,3 < 4}], (129)
(K3K311) = g T PO (00T T,
< fUD I, (130)
(K3E312) = PO, (0o IS L 1. (131)
(K3K313) = T L Pk, (0 ) B Ean,
< fAD I (132)
(K1) = g T Paho (e Fi ) )
f(ﬁ))f 23) (133)
(KK (2) = PO (e B o, fi flasy s (134)
(KK |3) = T P (0 )G T
< fU 1) (135)
(K7 K|Kp)y =gWT[z,iﬂ]P;?M@mm&il 8" (0c;)
x[t (34)5f(134) (34) +{1 < 2,3 4}], (136)
(KTK|Kp)2 = P, (0ea) Ty 3™ (0
x[t (34)5f(134) f(34) +{1 < 2,3 4}], (137)
(K{K|Kp)s = T[giaz]upu(i))\a(pxcz)T[(;? «z19 g (PKI*)
x[t (34)5f(134) f(34) +{1< 2,34}, (138)
(K K| K 7r>1 = 9 T Patno (x5 ™ (1)
[ 5f(134 f(14) +{1 2,3« 4}, (139)
(KiK|K )2 = Poh, (0xe) T 5 ™ (o)
X[EEBL 5f(g}1 f(14) +{1 =23 <4}, (140)
<Ki"KIK* o = T1000 P s P T (i)
[ 5f(134 f(14) {1 =234} (141)

2)a 2 ~(1)o ~
<K1 K|KO7T>1 = g“VT[(’Yicf]P‘iﬁ))\U(ch’z)T[(K);[qg)\g(pKf)
1 K] K
XA S P + (1o 2,3 - 4],
* 2 Do -~ ~(1
(KT K|KGm)2 = Ps, (00 T 5@ 0k s

<[fn ) + {1 = 2,3 = 4}, (143)

(142)

* * 2 ~(1)o  ~\§ (1
(KT K|Kqgm)s *T[(v;az]upzfa),\a(pxcz)T[g%[(]g’\ (pKf)tEK)gﬂ)g

[f(K )f(Ko

(s fay T {1 2,3 4},

(144)
* * [¢3 2 ot'o’

(RS K ) = 03T Pane () PO (pacy )

t(2) [

v’ (1)
pr(‘26€ / pK 6/T[K*K]'y (K*ﬂ.),ylgl

)

’

H)

(14)n’
<fUIL) H {1234}, (145
(K3 K|K* 1)y = P2 (9y.a) PO (g )ed by ase ™

XPK; ‘5/T[(K) K]vtgg* )y /E’[tggl)n
(134 ((111)) +{1 <23 <4}], (146)
(K3 KK m)s =T Piohe 0 PP (piy)en?
XPxe26€ 5 1A /(SIPK*&T[(;{) Khtg@*ﬂm,
XL S5 S0y
+{1 2,3 < 4}], (147)
oBd1) =0 T T s 15 ) (148)
(fofbl2) = &i’fo]wféfsﬁf(w (149)
(fofol3)=T, 72:2 fofo yaf(12)f(gz))= (150)
(Fofol 1) =g TEVTPE) oy )iy
<l a8 (151)
(Fofol2) = PO\ (xe )T £ £08), (152)
(Fofal3) =T P2 oy B0 £3) £, (153)
o fs1) =g T PR (0 )G
i) f(fz)f(fz (154)
(F2£312) = P (o E B, f0s) £l (155)
(P33 =T PN (ore) TN EGD,
th,i an(IZ)f(SZl) (156)

5.4 — yxo = Yyt ntw—

We construct the amplitudes U fw with a notation simi-

lar to the ¥y — vx.0 — YKTK - 7"7~ channel. Here we
denote 7T, 7, T, 7~ as 1, 2, 3, 4.

(fofol1)= guv[f(({g) 34) +{2 4],
(fof2ll) =g [(;213@(34@ (34)a8J (
{1 =3} +{2 <4}
+{1 < 3,2 < 4}],

<f2f2|1> Guv [f((fZ)f((;{Z)) ~g;()lﬁ gi)a[j + {2 - 4}]

_ (f2) F(2aB 2y 7#2)
<f2f2|2> =9uv [f(122) f(34) f(12)f(34)]t(12’)yat(34)ﬁ'y

+{2 < 4}],

(157)
f(fo)f(f'z)

(158)
(159)

(160)
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(o) =gl f{i0) F LR By + {2 = 4}, (161)
(pp|2) = guu[f(m)f((:spi T;2()10§L)3p(34)]tg)Q)atgi)ﬁ
+{2 < 4}], (162)
(' |70) = g [ Gy (£ + i)
+f<;3; (Foay + £ + Ty T + £
i (i + IEH), (163)
(' |mp) = gw[f((fgg f(fﬁ)tﬁ)g?fﬁl))

+{1<—>3}+{2<_>4}
(164)

(p) (1)04
+f 234) W 3y tion b
—|—{1 — 3,2 4}]

(rai|To) = gw[fflei f(fz))T((al)z;) Eo)?))a

a o Da 7(1
+f(2§i f(23))T((a1)1) (0')4)a +{l <3} +{2< 4}
+{1 < 3,2 « 4}], (165)

T(l)a ~(1)ﬁf(al) f(P)

_ (1)
=9uwPyg5 (P(123)) (a14)t(12) T (123)/ (12)

(1) (Da z(1)B
+Pos5 (p(234))T(a11)t(23) f(234)f(23)

+H{1< 3+ {2 <4}
+{1 — 3,2 4}]

(mar|mp)

(166)

55¢% — yxa o yrtrn ntao

In this subsection we construct the amplitudes Ufw for
the process 1 — Yxe1 — ya T~ w7 ~. The most possible
intermediate states are: fof2, fofe, and pp with fo, fo,
and p — 7.

(fofa|1) zgumﬁpigh&pidg [T(2 7(2) /\af(so)f( f2)

[fof2]o (12) 12)
+{1-3} + {24} + {1-3,2-4}], (167)
~(2)7  #2)Ao
(fofol2) =paspia Guexser 9 (T 17 Eih)
><f(34)f(12) +{l1o3}+{2<4}
+{1 < 3,2 < 4}], (168)
(fafo]1l)= €#Vaﬁpi~5)\'yégp§<dg [tg)Q;\at(Q)’Y f(1f22))f(f2)
+{2 < 4}], (169)
o K3
(f2f2]2) :5puaﬁpiqpqu5>\v5§p§<clg [tgz; t(2)’y f( 3 f(h)
+{2 < 4}], (170)
(1o
{ppl1) :5uvaﬁpi5/\awépfmg [ (12) (321) f((fz))f((ﬁ)
+{2 « 4}], (171)
1 1)o
(PP12) = cevappla aueromart,, 9% i Eian, £ £
+{2 & 4}). (172)

5.6 ) — yx — Yyt ntn—

The most possible intermediate states are fo fo, fof2, f2f2,
and pp with fo, f2, p — 777 ~. Then we have the following
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convariant tensor amplitudes:
(fofolV)=guTETE SIS 1) + {2 4}], (173)
(folfol2)=T7, s i) + {2 4}1 (174)
2 « 2
ofol3)=T2, TO 158 1) + 243, (175)
«@ Ao
{fofall) = gWT[SXCﬁP;?M(pmM O 1 1)
+{1<—>3}+{2<—>4}+{1<—>3,2<—>4}], (176)
2) 2) o
(fofal2) = PO\, (0xes ) En) £ i) £ )
{13} + {24} + {13,24}],  (177)
« Ao
(Fofal3) =T PEN 0y iy £l F38)
+H{1=3} + {24} + {1=3,2-4}], (178)
2)af (2 (2)op;(2)A f
(Fa2l1) = g T Patha (P LS T, (5 £ 00)
+{24}), (179)
2 2)op(2) f
(f2f2]2) = P;ED)AU (pxcg)[t§12>”t§34)pf<u) f(sZ))
+{2-4}], (180)
2)a 2) 2)op ()N p(f f
(Fafol3) =T, Poono (e TG B, £ 5 00
+{24}], (181)
2)af (2 (MHAXz(1)o
<PP‘1>:9WT[(V’)< 2]Pc§ﬂ))\g(ch2)[ ) t( ) f(lz)f(spi)
+{24}], (182)
) HAFD)o (p) (o)
<p,0\2> Pu,z/)\o'(ch2)[t(12) (34) f(fg)f(§4)
+{2-4}], (183)
« A o
(ppl3) =T P2\ (o En T £y £
+H{2e4)). (184)

Here fy, f2 and p can be replaced by any f{, f4 and p/,
respectively.

6 Conclusion

First of all, we provide a theoretical PWA formalism for
the radlatlve decay J/v — ~pp, which is also applicable
to the processes J/¢ — yAA,yXY and v=Z. Then we
present a general covariant formalism for the PWA of the
double radiative decay v — vV (p,w,¢) processes. Fi-
nally, we give the PWA formulae for 1/(2s) radiative decays
into KT K~7ntn~ and nt7~ 77~ that are very useful to
study x.s charmonium states. We have constructed most
possible covariant tensor amplitudes for intermediate res-
onant states of J < 2. For intermediate resonant states
of J > 3, the production vertices need L > 2 and are
expected to be suppressed [11]. The formulae here can be
directly used to perform partial-wave analysis of forthcom-
ing high statistics data from CLEO-c and BES-III on these
channels to extract useful information on the baryon-
antibaryon interactions, and ¢ — ¥V (p,w, ) processes
to extract information on the flavor content of any meson
resonances (R) with positive charge parity (C = +) and
mass above 1 GeV, as well as ¥(2s) — vxcs with xes
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decays into KT K~ nTr~ and 77~ 7w 7~ to study gluon
hadronization dynamics.
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